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Wo I rove e X ist oi  - i - , 1 - -~~~~~~~~~, and r (-q ’ilarl t:v roç~~~r t n o ;  f or  a s o l u t i on

cf  the B e l l m a n — D i r  i - h I ~ -t  --c it i on  of d m i m  i~~~ n amm i t~~

( m ax I c  = 0 i n  il
) i = l , 2

( I )

i = 0  (ci

wh~ - r t  [
1 

i n- i  L
2 

are two secon :i  ord -r ,  uwi f or m l y  elliptic operators. The

rn - tI- nd of r - - ~r ~~~ to re -i- (1) iS a v . i r i i t  iona l i n o c u al i ty  for the operator

7 1 — 1  2
K = L (L ) in 1. (Y .) ticl ~c ~ 1 ’ i ~~~ i ~i i i ~~~.i x i s t - i i  e theorems . For

s i i f f i - i e n t l y  n i c o  f
1 

~nc ~~~- ~~ “jO 1 1  a d d i t i o n  t hat  u c ) ~~ C
2 ’ i

(~~, )

( f a r i-n rn i 1)  ou ti -n t~~ a c l i c i n  .11  . s o l u t  inn ~ (1).
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S I G N I F I C A N i L - : AND EXP LANA ’rI ON

‘rho behav ior  of c er t a i n  d y n a m i c  sys tems can  be mode l l H hy an  It o  ~~t ’~~- L i , i ~~~~ i ’

differ ential equation (corresponding roughly to an ord i nary differ enti al

edu at  ion subject to random perturbations or “noise”) . A centra] L- r cIl ’~m in

stochastic c’j t imal control theory is to discover the best control (that is ,

the  c j t i r m a l settings of certain parameters occurring in the Ito equation dr-serib—

i cc  t h e  s y s t e m )  so as to maximize some performance criterion . According to

certain formal reasoning , known in the l i t e r a t u r e  as “Bellman ’s prin ciple of

d y n a m i c  ~roqramxning ’, the problem of determining the opt ima1 control can be

converted into the problem of solving a certain nonlinear, elli ptic type p.d.e.

In this pa -er we prove the existence of classical solutions to the

Bel lman  1~-.d.e . occurring in the case that the system has only two control

c i -t t i : c i -~~, bu t that the choice of control may change the ‘noise ” affr’cting the

• sy stem . - - -or t r oa t ment  of this  last possibility represents the main advance

r rev i ou c  w - - r k  W i -  -in~ Icy in our -roofs t i c -  c l i n t  r a t  theory of variationa l

i rc ’~p c i I  i t  i’’s i n  . i i I l ’ ’rt i ,lr:i : t he  a i l - l  i , i b i l i t v  of t h i s  t j n - ° r ~- to c e r t a i n

o t r ’- r  l w - u -i t  m o rn - ; i n  - - o n t r o l  t Lu . ’o r \ ’  ( t - ~ - t  i mna l n H  ing t i m e  - i e ’’l ‘ has

been I -c k c  wi  . i n i  w -  h iv e  now - l i s i - i v - t ’ -ul .1 u ; - ~~’ a I d  1 - i t - i c r
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A ~‘ARI AT] ut-mAr i n ;  ,- t ’ A t , I T V  A t i  Ic Au i f  TO THC HEI I . I I A N — h l  St ( ‘i i ~~i 1

m : c - u i ’i - l i - w  t- ’oR ’i’t-~ CLLII’’I’ JC ot -L1i ~’i’ 1’ , i I ~s

* , l )  - -U .  to - o n  ar id  I , .  ( . F v a r m 5

I . I n t i ’cdu ct l e t ;

In  th i s  i~~t-’° we make us e-  of some v ar i a t i o n a l  i n e q u a l i t y  t e c h n i q u e s  to pre~’ - C x i’t e  i i i ,

u n i qu e n ess , and r e c u l a r i t y  t i  c o - sic for  a solu ’ ion  of the B e l l n , a : - — D i r i c l i l u - t  pro b le i t i  fi

two  ni C 1 , u t O 1 S :

( max {L 1
u f ’} = 0 in Ii

( 1 . 1 )

u - - 0  on r .

ti c-r e-  0 is a h~~u n - t i  ~- t d o m i l m u  in  5n w i t h  a u u i u o c t h  l~~- u u u ; u t u r y  r~ f ’ a~ i are  a i v en

f u m r - t i o r u u ; ar u -~ ),~ and  L
2 

, i r . •  l i i u , - ,r , - - - :d  — r , h - r , u n i f o t u I v  e I li ; - t i :  c, n i a t o r n  of

the  forms

(1 . 2 )  ii - - i  - (xi - - 4 - 
1 ( x )  - — pu (i 1. 2)

k j  x~~ -~ k

. -; i )-l -V t t ~~- i u c ; - I i c j t  ;uc:j , ’ i -  - I , -: i - - t i  t l ii u ; - i I ,  - i t . )

P r o h l , -::; ( 1 . ) )  0 1 , 1 , 1 - 1  - i ’, : - ; - u i )  , u i  if  i c ~ l 1: : i ; , S i -ch i t  io n  of dyna mic

i - -~~i asui:; i i i ;  l i’i 1 h - . t i i I   - I  - f a - - I I -~ i i i  ~- t , tu c i y : u l  i ui. M i  ,~
- r - - - l u , , : ’: , I ~~t

üj ( t )  P ,i u t a u , d , u i r~— d i  u :, ’ - u - i o i . - u )  l - : o w : ; ; - i i ,  c O  i i , ao l  O i I ) j - i i i  t h a t  u ( t ) i s  a st c : -h , ; -  t i c ;

m r n ; - - - u i i ,  c lu e , q i ’  - I -  i u .  I , i r I : : i - - i l - ) e  u - j u t  i o l s .  5’ -’ w i o l u  to  o t u c l y  the n e l u L ’ c - u ,

> - ( t )  of  i t . - i t -  t l t f i , : ’ , t  ~~ 1 - - c u d  i - u i

( 1 .3)  d x ; u :  I C x l i )  -~ (m l Pit 4 c l x  I t ) ,  - 1 ( t ) )  1- . ( t )

Le-t  x ( I> l ,e  t i . -  : 1  ar  t I ~, o ,t  t I -  - h i t  i i i ;  t i ui.- t o  1’ . For a q i v -n id: I n-ic 1 - l u ’

( 0 1 , ti  - I  -~~~
( • ) , t h u  i y - ’l I I ‘; i ’ ’ , - :i l -y

u (x , , ( • ) )  - u i f  11 t-
t (x I t )  , ,  I t )  ) d t )

h’~~1 - - t i .  u t  ( l u  u t l ; ; n : . t i - u - - , t i i i i v . - i - o i t ~~’ T’ a r  is  t I . 4 p 1. d u c t - i o u ,  Th230 P a r i s .

* *
Drpi r i r ’ - -uO it M i t t - n  ‘ i o u : , t’ i I i v ,  u i t  i f  V u - j u t  i i -  ~- y ,  I,ex ’i i w l t r u n , K e n t u c k y  4 uSct c-

‘ - : 1 : - u - I ’ ~t
I )  l i i i  i : t _ ,il ’ -  - /iEnS ,’ I u -  , _ , t  c~ .
2)  i - i t  u o r i l  - i i i ;  ‘_ F,_ c , : - t .  t i - - r  u i , ) ,  O i l  , i ii’ - t u i t :  7 7 — O P t ’ .’ .
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whom e I and I ~1 
~~~~~ q u ’:-. ii In i ;  f l u ,-  0 i c i , u u i u t  1 ,1 t i - i ) . h i ’ , ,‘i i i i  mi ij  to ( 1 1  t h i  i n

henri - - I  1,. ‘ - i i :  , t hr  e ) t  I ci Pauc

- 11(x) n:ip u ( x . - i P ) )
nP)

should : a t i : p  t~~~ 4 : 1 1 ; . . : ,  h u t  i c l i l u t (~~~~c d i f f i  r ’ r u t  I i i  i - -p u u t  i o n : -

sup  I - lx , -~~) i i  + t - lx , . ‘) u  — ilu f I x , r i  I (i in  0

( 1. 4 )  
X X . I X .  

~ = o on r
I n  t h ese - 1u , t u - c u :  t i ,  : u P  i x  , ~ O~~U ;  ; i u , l  A i u ;  I ! : ,  S i - i  t i f  , c t  j o i n : , tha t 10 . i i i ’ . ’

Set iii w h u P h  t : ~  0 I t  1, ’ u f l t i , ’ ) i ;  I h -  “ i l l  1-’ I ’ -un i i u - j — R i ~~ j i  I I i , Chapte r - V I )

Oi- Ku s h n e r  [ ‘ , : t . u ~ I ” )  1 , - i  f u i  t i , , - u  d m u . : - u ~ - ; , : i - : u , u u : .l f - u  d , - t i i l : - of t t ~~- f o m ni , , )  dcc 1. -a t  ion

of ( 1 . 4 ) .

The C q u u t r c i c -  ( 1 . 1)  i u . t u c - r i : u -  a 
~~~~ 

i i )  u - , e., - u u f  ( I . -i~ ( Icc-o r :  i i i ~ wh en  I I ; ,  set  of

act  i i  : u ~ A c o o- i s i s  of  : ‘ : i i y  t w o  u - 1 . - m : - u u t - , .~~~~~ i u :  - u - I i i :- - , - ,  u , we j i u c l u d i -  i n ( 1 . 3 )  fin’

1X.u : - c l b i  I i t  t t , ~~t ci d i ;  , .rids , in  u , in’ ,~ i , -  i : 1  i t : , -  i f u i .u u c ’ -  of c - o t t ’  1 po sc u i l : ; y

a f f e c t  t h u .  “ no i i i  t I ~ - -  sy :  t~~~ - ; - 1 u ,~ ‘~~~ , - i i  t h u  :: u ;n J i c r  1 : t . P ~n f l . i )  ce-n lu r a t h u - r

Iciil I ’ , c - u u  i i i i  _ i  u

f u , u  t i _ _ u i  — ~~ t t : - u - u : ,~1 n - t  1. - ti ( 3 . 4 )  h i - . I - i - u  :u t u . t j e d  Py i i .  V . Yf l I n ’ ,~ ( 4 J ,

whc’ l . i c O  1 0 . 1  - I A  . j - ’ O ” O i t . -  I u ,’ j -  t I - - . t h u  ‘ -~ ; i : . t  nt ~ a l.u u u i . ; u u u c -  : u i ’ ] u t u — . :u

u r w ’~ (5 0
) fi j ’ ’ - ) •  i i  y l i  -e ‘ u ;  ; i e l ;  ( 3 5  n; 1 1  Ii i ,  ‘ u i  - u i - i  t u i ’ - u i t  i i : ’.’ ’ :  t 15:u t i c - n

~if N : i , u e  [ ‘ ~~~ ) A : - u i  c c  i - : i . ;  I u ” O ’ - t - , : u -  I u t - } • u - I ’ :  1: -on ion cu ’s- c d n I i c~~t o  l - : ; t j m t ‘ i i  o f

c - , t , i u ,  -c i, . 0- t f l  l u - i ,  :0 , i t  - - - o u t u ‘ i i :  - C ’ i t , i i n  i P u er r , - . i i , l t i c  fo r  th e  I - r i - i  ) i r :  ( 3 . 4 )

l u - i ’ : - -  t~ u - u i  u - i : u u - - , l  f~ - -  i s - - i  I ’ )

I-’or i t .  - - : i : s ; -  I .  i one-’ of i - u i i / I : ;  c - u - ,  u , d i . u - ’ - , w -  
~~

- ‘  , - :u ,  j u t  u u u  t h i s  cci i a i’,-o l i t  i e n , 1

i n ’- - ; . .i i i  i t ’ ,’ i i : , - u l a ’ ion , w ; : i r - l :  i i i ’ ’w u .  f - .- r , i u i  c - an y  e x i s t  i n - - i -  , , r .  I t i n i qu u u ’u u -  sn ( h i - c u  :uu , And

in  f i.ci w - - p en’ - l i t  f u r  : - : u f f i c H u i t l 1 -  c u - - u -  f i ; r u . - t . i e r u u ;  f 1 
and f

2 , ( 1 . 1 )  lio n a ; - I , u u u : j ;u I

5 , 5 :  flu i i c i d , - i  - i - S t i : i - u ; : , .  r . : : - j Iyj a , - u- .j i- , , t  ; ‘,‘ - : -  - ‘liii:, i: ) ‘ c u t i u i - : :  i c u i u : : l - s - l u : ij

I u u i i  - , i :  i t  i - ~~ ‘ - 1 1 I u i - -  :: t I - i I - i n i :  S 5in~uot I i  u - - c  c i ; ; ;  i - u :  ( - x l ’~~ 4 i -  I t sr  th-

S i ’ t i ; t  I l - i ;  e t  I; : - 1 ’ i : , , , !  v,u j ;i j ‘ i : ; , )  i t O - l u u . u~~~i t  u t - n : s i- - , f c -  u- ; ’ ;a ’, : ; - ) u - , Iii  u - : - i u u  a; ud

t im t o t  i t t  • - ~

• 

‘

‘ 

•‘ 
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T h e  me thods  we use can tuu ’  adap ted  t o  h a n d l e  t he  case w h i m  o aid  L
2 

Or e -

p a rab o l i c  op e ra to r s .  Also , i t  Ir a n be-on pointed out by I’ . I .  l .j one- ( to  .iH - a i  ) t h a t t h ey

lead to a s olu t i o n  ms’hcn I~ is c l i  i 1 -t i c  and J , 2 
i s  par~~bo1 i c ;  so, h u a I r c u h u u - n u  I i , i ”  h , - i m u

• considered by ISen sounsam i am id I .C’SO u I m c.

The pa per is  or ga n ized  t h is  way . Iii Sc-ct c i i i  2 we t r ; i u i : . f o z - m ( I  - 1 )  i nt - o a v ar i a t  icn , i l
ine q u n)  it y  and the - i  oby, un der the ; in ;cu: ;  ~‘L ion  1 , ~ 2 ~ 2 

( 0 )  , 
~ i r id - i  n o t  jut ’ cd ui t I

L C ~I~~( u ~) fl ) m ~~(ci .  l o t  t i c t i o t i  I we’ an: u.u u i r ~ e in  i - i - i j t j o , ,  th a t  ~ f~ c m1 1 ( c ) ,  ~r u ,d  show

U , i i t  t h at  u m~~(:) . C l d i I ;j u - ,11 rc- q ; i ] , i u i t y  i i  ob t a i n e d  i i  : c , t  l i i i  . 2 ’  i f

(c) (~~
- ~ ii i , is - c I - r on - c-  u i n l r - i  t t u i  e- c t  u m a t i ’ s  of  1~ i - i J c s r g j  — I - ’ . - ‘ u  — i t , u ~~; o: : i u i , n

(h i ’ u r  c
2 0

p.) fc, i -~;, :” ~ - 0 <  ~ < 1. The Iuj.j — - ’,;- f i x  -c-u ;’~ -~
- i- .i’- , a ; - u i - ; ’ f  i ’f  Li :’~~ u , , 0 . 1 .

5,’ su c h  t o  I : - o u h  h~ y K u u : f i , - I  fo i  u :e v en - aJ  Cu ’SVcu- udl t i l - u , , ;  ( w i t h  t t ~, : o c i u n j  ;~~u t  I - - , ) a L ;- c t

t h is  i • i ’ J  ~~t

- ,-• _.

-~~ 



2 .  l x i  ‘;t i - t i c , ’ , i mi d  ( l i i i  q u o - u n - - 5; .

‘ f h r ci us il i o ut  t h e  l’aper we w i l l  make  use of these s t a n d i n g  assumpt ion s;  about t hu

c o c f l i c i o u ; t n u  of the opem- a to rs  and L2 :

there t~x i st  two numbers 0 > e > 0 such t h a t

( 2 . 1 )  a~~i,~~
2 

~ 
a

~~. (x )
~~k~~. < 0 ~ i~~

2 
(j  = 1, 2)

for each x C 0 and ~ 
~~1 ’~~2 

C R~

the coe f f i c i e n t s  are stnoc’th f u n c t i o n s , say
( 2 . ? )  - ‘ 2

a~~ . ,  b~ E C (0) (k ,j  = 1 , 2 , . . . , n; i = 1 , 2)

‘I’ho m u u a i n  idea in  the ~-r o c f  of Theorem 2 .2  is to r ewrit .o proble m ( 1 . 1 )  as t h e  v a r i a t i o n

ineqi .ia li  t . y ( 2 . 1 0)  , i n v o l v i n g  a c e r t a i n  hounded l i n ee -r  op e r at o r  K ( de f i ned  by ( 2 . 9)

be low) . To solve t h e  v a r i u i t i c - : u . i i i n c - l i e , )  i t y ,  we w i l l  need i n f o r m a t i o n  about  the  m o n o t -o n i c i t y

p-ro 1-c i t  u -n - of K;  and th i s  t i e  fol  l ou-u i i .; lemm a w i ]  I p i -ov idc ’.

l;( ’unio 2 . 1 .  1.et and m. 2 ho two e l l i p t i c  operator s of the  f orm  ( 1 . 2 ) ,  the ’ c oe f f i c i e n t s

i t  s ’ ; u u ’ - i u  s at i s f y  (2 . 1)  and ( 2 . 2 )  . Then t he r e  ex i st  two c : c , u : u : t u n t u s  c
1 > 0 and C 2 

> 0 ,

dc’1 u - t i n .1 o n ly  on I; and  t h e -  c- ;:  e f f i u - j r - i i t : ;  of 2 , 1 am id L 2 , such tha t  i f

( 2 . 3 )  p > C
1

I . - - ; )  ~ v~ j
2

7 
< C

2 
f L

1
v L

7
v clx

12

f o r  . u I  I v c 1m 2 ( ;j fl

The i i i .’ i ;~~aI  s ty  ; :: an u : r - c :  0. :  :1 1 uy (i i , t  -~~ l u  i’sk y i n  ( 10 1 ; for  the read er ’ s ccinvu i i i  ‘ i u c

- 1 ° -  :.~ oc t a I t u  ‘1’ 1 i i :  it ;  - ‘ A 1 I -e tu - i  i x

We are t i c s , ’ i o u: Iy  to j ’ u i ‘V - I t : ’  - ox i i i  - - f l u - c and ii n i q i i u ’n c- : ; : ;  ,;usucer t  ion . 

- 
:‘ ,;‘ . l o t  and be two 1, 111 ) - I  i i :  o~-~ r c u t o r c  of the forr ,i ( 1 . 2 )  , t h e -

o u t  l i i i  u - r u t - ;  of  wh i c h  sa t  isf y ( 2 . 1 )  and ( 2 . 2 )

i f  p is  n t u f f i c i c , i t  11’ l a r g e , thi n for ce-c-h f i f 2 c I~
2 (o) there e x i s t s  a u rs iq i le -

Li C 11
2

1:, ) ~~ It ~~ (0)  s olv i ng

— 4 —
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—

I 
P

(2.5) max (L”u + f i
1 0 a .e. i n  12

1=1 ,2

In addition , there  is a ce -mi l i t an t  C , depending  onl y on 0 and the co ef f i c i e n t s  of

and L
2
, such that

1 2
(2 .€ ’ ) lull 2 

< C (~ j II 2 ~ II II 2
H ( 0)  L (12 ) L (Ii)

Proof. First we reduce problem (2.5) to the case where f
1 

= 0. Xe-deed choose

— 2 1 1— 1
u C U ‘0) fl H 0

W) to solve L u  = I and then set

(2.7 ) V S u + u

A simple c a l c u l a t i o n  r e v , -c l s  t h a t  v s a t isf i e s

( 2 . 8 )  max - { L 2v - 1, L1
v} = 0 a .e . in 0

i—i , 2

— 2— 2for f r L u  — f

Define a bounded h u t - u operator ti -
~ L 2 (0) as -  f o l l ows . I’ick any ~ C L~~(C)

and l i t  v 11
2

(12) Ci h l~~(0) solve L~
’v = ~ in 0; next set

(2,9) K~ L
2
v =

• - 2 .K it ;  moncutom ue  am id coercive on 1. ( h )  u indeed

2 = ~ 1. 2v c i ,1 v clx > 
~~

— 11 v l1 2 2 by Lemma 2.1
1? 2 Ii ( 0)

> c i k  II~7 for sorti e c ~ 0

in terms of the new unknown ~, problem (2.f’) now reads

(2.10) < 0, K~ - — 1 < 0, ~‘(R~ — f )  = 0 a . e .  in 12

tha t is , ~ is the so lu t ion  of a variational imicqu ,-m l i t y  in L~~(0)  a s soc ia ted  w i t h  the

operator K and the convex set { i4u < 0). Existence and um u i qu e n e s s  o f a solu t io n

f o l l o w  f r o m  at,’i iudar d r e s u l t s -  (see , for example ’  St ampa cchia  [ 1 1] ) .

Estimate (2.6) f o l l o w :;  from (2.8) , (2.9) (with i~i = 0), and the s tandard  L
2 

a priori

estimates for the operat ors and L
2
.

+ i r , i r k 2cil . For the p u rp ~’; .e of proving regu l am fi ty results it is also convenient to view

(2.10) as the multiva lued equation

—5—
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- - - -

(2.11 ) Ed I 
~~~~~

- )  1 f

wh et e )~ i l  I t i c -  ; - ix iunal i i -  ‘ u u u ’i - : u : -- y r ci  P on K d o t  I l u , -  I t -y

( 0  x . u u

8 ( x )  - ( i t , - . )  x 0

x ~ C; .

t st t i a r h  .‘ . 1 .  1 , u - . i u l , i  C i t y  ( 2 . 1 )  c a n  I , - u u -c-0 to i - -n ’ - -r n  ox i s - I .  u - - u - and u , j u u  l ,t  i i i  y t

f o r  ,s l u i I  ion s  of - c-~ I - f l u ,  :0, u - ; ; )  ot t - u  , L n f l t o i u ; ; l V u 11 f i t  i i  i q u l . l t L ( ’ i u u -  in  i . o ; i ; l i t’ c ’i u i u - I i , - , -  !( ‘ ( i S ,

the ç’c u, ’ f f l e - i e i i t u ;  u - ’  5110’ : -  : 1 0  u h 1 ~~~ , u t  t 1 l 5 ; 5 i ’ , u , - c : o , l :  u t h e  i ru t — l i - n ,

( a ii 4 P ii — i i  = t i m i  pI k J  x x , I , x
( 2 . 1 7 1  k j  k

u = c-u . r
t h u _ u t  t t ,  ( ; i s u- u : i i ’ I y  0 ’ :  - o c t t n l u u - ! n ) i o u - f t  i C c i l u t u -  a - u n  l u - b c - ui- I l c--sect in t o  t u e

f -ru n

13) = °kj ~~I- ’ 
u u f l ,\ I - ~ ( ‘ , J  ~u 1 , ~’ . . . , , u ; l  ,

t i ; t ’  °k ’ ’  I i  = 1 , . l l , o c -  u - r u - - u - t i  f ’ ; u i c - t  s n- - u - n t  - i s -  I I i : :  u - t ; u i , u , - t e r j s t  u t u r u e t  i c c - i  of

ut” me a, - : , ’ u I  I i -  s , e - t - ’ ; e I  t. C ~~~ J u t  i i , :  , t u - u J V ,  ,5 ,u ) - u - o u u  I) u - S t u . - u u t C  I - u  a u ; c - ) u u t j , - u~

of (:‘ . t . ’ ) .  ; - , ~~~

u u  . u
1

l i  - u c i
~.j  “ k s 

- - I .

th en  I , :  .-i . c ’ .

( i - ’u ( x )  - I Ix  i t  ( t?u  ) x l  - I 1 ’ - ) )  0

Si n, -0 , b 1 ( . ~ . l . ) ,  i s I i - , , ’ - ’ c.- - I l i i , ’  ~~~~ ~~~~~ u s  x’ s- . . t -:--  j ’ u I ’ ’ i i : t , -  t I - i s ;  i d e n t i i y

Over P and (1, 1, ;;, ,.- . - SO-’ ~‘Ie  e - I In -  - ‘. u ‘ 0 1 I u u l  mu

1 2f 1 u ’ l -  ur d~ ~~~~~ 2Il II  ( d )

( C  - l  2.

~ ~~~

- ‘ I i i
1. ( c i

By 2,i:mo 7 . 1  I t ; , - I i  f t  l u - u i - I  u u u u l  - -  lu  e u  ~t or  I t - m i or c’~~,;,i h t u ~ ~ it ( i f  p in

suff i n  i em u t h y J u i u ’ I , t l i i - ;

r i :  C - l i t II -
I i ’ ( ; . - )  i .  ( h i

I
-

. 

!

‘ 

-~~~~ -~ -s ~~~~~~~~~~~~~~~ ’ - --



An ex iSt ence  proof fo r  a u i o l u t i o m ,  of ( 2 . 12 )  can  mi ow be c ar r i e d  out , basud on tb - i s  ,u j ; i u u r i

i n e q u a l i t y  and t he  c o n t i nu a t ion  ef p am -amoter  mno thi o d

Notice  t h at  problem ( 1 . 1 )  h i s  t h e  sam e for - r um as  ( 2 . 1 2 ) —  ( 2 . 1 3 )  , except t h a t  t he  set E

is not kn own bc’foi ehand , a m i d  in fe-c t  depend s upo n t h e  s o lu t i on  u .

— 7 —
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..~.
._ ~r -  t u n i t ,  . , -

1 mu t tu 1:; ,u i i 5 i  t h u C  O e x t  O u ~‘ I i c - i s  s- i- u ,ha 11 fu r  th uer exp lo i t  our v a r i a t i o n a l  i nequa C i t y

1 ef s ’ : u ~ : u i a t i u ’ u i  of ( 1 . 1 )  U ’ d e r i v e , um u d ei u ; t r o r i : t e .i a s s u m p t i o n s  on f
1 and f

2
, some more

r c ’ - l u I , i r i t l ’  ~
. , o l - - I - u u i ’ s  t o t  u .

‘ ‘ l u  1 , 1 .  S~~ c -u S ’ , i n  ad.. lj t  c - u  to t t u~ o t h i t - m  (u y lo th u c ’s i ’s  of Thier i r em 2 . 7 , t h a t

f Il~ ( 1 1  . The n a C Ii ( - ~~) and wi h ave 1 1 0 -  es - I  i m a te

(3.1 ) lull < Cl  111
1 11 ~ II 1~II 1

H ( I I )  H (0)  H (c~)

t h c -  , ‘c u u u s t l u u l t  C i i ’  u - u , u l u u u -:l o r u l y  c-u ,  i i  c - r u t  t l u o cool f m u - i e n t s :  of an d i
2

- The u’ 1 - c -  I 5’ o r l s l u - t S  (if ( l u t e  ~- ‘ m r  I s :

A. i’il~~ m u . - ’ . : u : u  i t  ‘u I ’ l u  u - I I , i c u h u l  ‘‘us (2•)l )

h .  1 c - i  i v  i t  I i i  u~~f l i t , ;  I ce  II  c - -u t i n , , u U - u :

• I ’ , - u  i v - ; ’ i u r u  u t  b - , - u u , : i , u m  -; t ’ e :. I )~~~, i t  I - u ; .

A .  A:  ‘ I . : -  u ’, . u t  : 1 ; .  T- , - - - u  l i ; u ~ 
¶ 1 2 . 1 1 1 ,  f l u ,  I ’ l u n - t i o r u  v d e f u u u r - ut  by ( . ‘ .7 )  s - u t  f u u c -

(3•~ ’)  m , ‘.‘ ~ 8( i .  v)  ~ f

~~i i u , o f t , u 7 
C t t

1
( h t ,  wu  1 : u ’c I C  it

1
(~~ ) ( f  J 2

u — f 2 ) w i t h  t t c - ’  c ’o t  ‘ n u t s ’

(I . ¶ 1 Ii H (~ ( I I  l~~ H ~ Hr~ Itml ( I . )  ml ( 12) ii ( 1 2 )

To .u -: u s  - 1 o u , ;  c c - l u  ul .m I ; c - l u  ‘ - i l , , - ’ 1  5’ i i u  I i ’IU i t  i ’ ’ . I i i ,  -0 01-c’’ : i t  c u r ,: , I - I. us u uw i i i  - 
- 

,- I ‘ ; : - I b ,  - , : .  I j u . u u0 u I  IS - u i - t i  t h ,u t

( ~ (‘:1 i i  f - u s  x < 0; 8 (x )  ‘ 0
( 3 f l  

- K

I ) 
i n ; )  -s  “ -  ; i s ;  K ‘ io , for x ~ 0

~~~ , x’ u ; a u u l - r  t h i -  ij ~~ u - o c i r ; u . u I ’  I C u l t s

(u .5) L
2
V
k 

4 ( I  V~~) = I (K 1 , 2 , -

I i -  u no ; ’u -  - t o u t  I I I ,- of w h i P j r  I 1 , - i r I S ,l
2
~~ ,) (~ ll~~ ( u l )  f o i I u u e ; ,  fr om i u w r i t i u u u r  ( 3 . 5 )

;u,; I ‘ 1  1 ( ) I c-n i l t u v  1 : - I  5 . 1  , i u u u t ; m  1 : ; : u u ; u o t e u i ”  u’~ , ‘ r , ; t  - I I l u -  ‘ ‘ m y  ( u ; c ’ u -  1: : i - ~~ i n  ( 1 )  f - i

1:>. IrS l i t  —

j i u 1 u l i - m t y  ‘‘1 r u  - 1 , 1 ;  - -  i t  us- de ’~- Ui . - - - i C - ~ - i i j - ( I: t u t u  t h u ,  i ’ m - I  of t I : - i~~~~c- f .

-Il -

— - - -  - ~~~~~~~~~~~~~ . :‘ ~._•_~,_ _ _



--~~“--- ~~- - - - -~~~-—~~~~~- ---~~

B. Imu ’,- u i ;,r hI
3 

eSt ; i flu , t t t ’s; . m e t

q(x + he . ) — q ( x )
(x)

dem u ote th e’ d i f f e r e n c e  q u o t i e n t  of a f un c t i o n  g iii some f i x c , l  1
th 

coordina te d ire c tio n

e ( l  i n). We now c h u , i u : cs a C0 (c? ) c u t o f f  f u nc t i o n  ~, m u l t i p l y  equat ion  ( 3 . 5 )  by

R
2 (L 1 v)  

(H~~ 
0 h < d ie t (sup t ~, r)

(—h)

,i nuI then cham uu j e vari cibi en t u  - c - C u t  c - u ,  the ex;-reu :I’-i om u

(3.6) (T.
2

v)  
(h) ~c - ”~ ( h )  4

2
dx I f (t (I.

1
v)) 

(h) (h) ~~~~ 
= 

~ 
f~~~ (I

1
v) 

Or) ~
2
dx -

Si re-” ~ is r u : u : : . l , n :- i u - ,, : i n i ,  I P u -  u : , ; ;’ u , , I t -rm on t ,Iu e 1, - f t  han  u -  s ub is n o uun o q a t  lye

F’u r t l u u .; u ; c - u  ,- , u; .’t 1Cc, t ha  I. tl;~ :uorm n u - f the di ff crc -u u:e

(hi ) ~ 
- (V

( 1 ) ~~~) i i  = 1, 2)

cc-n be doun iu ~cu t ’:-d by c I I v H 2 
U s u : ; ci tiic ’sc’ U-.” c-k ;er v , u t  .1 - u : . , we now u i - - r i v u c  f rom ( 3 . 6 )

H 
- 

C : )

the e s t i n r u a t e

• 7 1 - - 2  C l  2 2J L v ’ I ,  v utx <
~ l I”j i  

~
.- 

- 

C + ï i i” ii 2 HI 1

12 it ( u )  ml C ; : )  II ( I i )

f or

S V
1
~~~~ t~ -

t ’ince ~ C mm
2 

( 1 2 )  ~ II~ I . )  , c’ - u : in m a k e  on, ’ of ] i-n; -; s. :u 2 .1, and I t i ’s c1c-,O: :u’ C > 0 s u f f i ci e n t ly

s m a l l , t o  c u t s t : i u i u  t he  r u , -  u ; . u l  i l y

- - 2  - 2 2lv ii 2 ~~- c ’J v I i 2 1 1 1 11 1
mm ( I ; )  Il ( 0) h I (P )

< c l i f I l 2
~

11 (0 )

in Ui is ix; r u - cs : ion the coni c I . , ,  r u t  C it  i ’ j - u - ’, u ~ u ;  on 1’, and o t her  }:iiowri chu ont  i t  i t s , but  l u - u t

on h . Thus

V C hi (It ’)  f o r  each 12’ C C Q

with t h o  e s t i mate

—9—

4



- ‘

( I ,’?) i c - H  -~ ( f lu . ’)  l it -

H ( 1 2 ’ ) ( 1 1 )

C.  lic u u l ; ; - r . , r ’ , t i , - , ,  m t I c - . - ,: -

(‘c - u i ,  i , l ’ - u  . :-,‘ u : ou!u, - u - - s  t i c - n  F ’  of t he ’  ! ‘ c u u i u u - i u n ’y ,  w h i c h  — upom u a r :m- u et } i  l ou  a ]  -h azr qe

of i’ ;u c ’ r d u u u i t , -, : u f r u u - u,’ - - , ’ I - i u  y — use ShI ’. ,u tus i i mne  t( h o  i~~ l i i ’ . r i , ~~ue X = 0, w i t h

B
+ c ( l x i  ( ts , x ) U t  C p C {x - . 0 ) ,  fo m ’ u ; u , n r uu - I-; > 0. F i t s u t of c - Il we comi ~~i ’ b - - r  t he ’II ru n

t a n uj t ’ n u t i a l  d i l e r u ’ u , . - - , i : ; u ’ l u u l ( 5  V i n  t h u  d i r t ’ c t i u u l u s  e l i  < i < n — h ) ;  5imiuS’ V 0(h )  —

on F’  , c- ( I t )  
- 0 l u ,  m o i1no . ‘l t ; u ’ r c - f c ’ u  o i f  c u ’ c - t i - -c~~~ - a  cmc~- c i t  f u  c u t o f f  f u n c t i o n

Vaniu :Ii i rs:; r u c - - u s  x
~ 

= K , t h u -n

~~~~~~

is in  h I ~ ( 1i ) ou st  so t h u ,  ~u r u : u d e ra t i c u ; ; u ’ fr oimi l c - f c s ; c.’ i r u ~ll y t h a t

(3.0) v ,v ,...,v C ih~~ (B~~ , ) (0 < K ’ 0)
X

1 
X~~ K

‘i’huo i t  r e n , u i u : : ;  c u r u l y  t u ’  show th ,a t v b eh mmuq s  to 1, 2 (0 C ;  a l l  the o t he r  t h i r dx x x
2 mu run mi

d c ’r i v _ a t i o - s  u - I  ; , i : - ,.- iii h U R t ) 12’,’ ( 3 . 11).

Sot

(3 .~ t )  w 1}v = a
1

(x )v + ( I , 1 v )
mu mu

wt t h ( 1, 15, ) , C I I ~~ ( I u , ) I - p ’ ( 3 . 0 ) .  in t i - r u : . ’ u - f  t h u t -  n o w  t u : : :  - t  m o r n  w , ( 3 , 5 )  nc,w r u - r O n ;

( 3 .10)  A ( x ) w  * 8 ( w )  = g

f or

2
a

1
ann

arid

_1h1 (( ]~~) - ( J , 2v )  ‘ f tm ~ (~~~~~~ ) -

nm u

By t u V I t u f t : ’  - - - (2.1 ) ,il’i 1 2 , 2 ) ,  1 in  a J u ’u~~ i t  ‘ - u — , I ,  i n - l u  u l , and u - u n - - u - t h u  f u n -  t i - n i .  T h e re fo re

w = (1 (x) H q

t o  Il l 
( l u

l

l

, )  and  on l y ( t i ] ) ,  
~~ 

C mI~~(1t~~, )
- 

J u n

-10-
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The ce-I cu l at  i c - u s; i m u  par ts  B ,u m wh C preceding provide bounds , i mrdc ’peuud ent  of k , fo r

the H
3 (d )  norm of the so l u t i o n s  Vk 

of the approxim ate pru’b]tsims (3.S) . Standard

convergemucti  a rgument s  now imply tha t  the V
k 

converge weak ly  in  II~ ( 12) (and s t rong ly

i n  H~ ( 0 ) )  to t he s o l u t i on  v of ( 3 . 2 )  . lIen ce V C II ~ ( 0)  • and estimate ( 3 . 1 )  fo]  Ic -c u -

easily from the estima tes on v , (3.3) . and (2.7).

- i i- -1

- -
~~~~~ ~~~~~~~~~~~~~~~~~~~ - . ,,,..,, - • .i, - .
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2 5
4 .  C e u st im m i a t o u l .

We now pm-ave th at under somewhat stro n gt’u r e g u l a r i t y  assumpt  r u i n :  on f and

problems (1.1) has .i c l a ssi ca l  s o l u t i on  u, with locally Imol der cu -u- I m ucus si-c -ian - I

der i va t iv es in i i .

‘ I he o r e i m i 4 . l .  A ssum e , 1mm addi t ion to the otj u ei’ h iyp oihesea  of Theom cm 2 .) , tha t

f
1
, f

2 
C 1,1 •h’ (2) he r some n < p < ‘ .

Then the so lu t . i omu  u of (1.1) h a s  l o c a l l y  b I~~1dcr cot ut i nuous s t  - -‘ mud d c -u 1V c-t 1 c- u ’ , :  j iu

Ii ;  ar id  f o r  eac h 12’  C C 12, there are consta n ts 0 < s < I and C, dehuemn d t nq o n l y  c - u i

i -  Ii’ , and t huc ’ ; c i c - f fj c’j  u - u i t ~~: of 1.1 and ~. 2 , such tha t

( ‘ 1. 1)  lull 2 ci < C (11 1
1 

I 
+ 11f 2 11 I

C • ( I i ’ ’) W ‘
~~ ( I i )  W ‘

~~ (12)

Ic~-i unul  k ’1 . 2 .  I n  the case t i u , u t  f l [
2 

C W 1 
~I ’ (12 )  for  some 2 < p < ii , th enu thu . ] l  c -c-f

b el iu -c i s  u-a i : i l y  n s u x h i f  u i - - i  to  u , h u m ’  u ~ 1
~2 ,p * 

( I ’ )  f~
]
~ — . it would hr of .u nt eno- ’ - t

icc ~~~~ p n
1 2 p - -

to  d i : -  u - c - C S  w h i ’ t t u u i f l u , ’  c.’, , , I c - v u s , , : : i i ; : I u u ’ u u  I , f C L (12 ) ( 2  < p < =‘) im i l i sen  f l u - i t

u C w
2

~~I’ ( u : )  (or t lu , i L f
1
, f

2 
C 1. (:1) implie s u C w

2’
~~(Q ) for some p > n . )

We do u~- - t  k i i u u~s’ , u v - c-i  h - ‘m ’ f 1 , f
2 ( C (12)  , whether  f l u e  s o l u t i o n  )e l Ionu i s  to

W (, - )  f or - u - u - i - I  y p Cur to  C (~t )  [cii’ a] 1 0 ‘- a < I - It i i - , , us : y I u u  c -onu u-  t u u u , - t

c-x cip ,. l u ;  i c r  W I u ; c-h u C C
2 ’ 1 

( I I ) , U 4 C~~~( Q )  -

I n - f .  A ,; in t i: - n 5 ’ - f  :1 11,- c - r u - n  2 . 7  we 1, - d uj u (1.1) tc th u f o n nn (: . .P - )  , w u t h

and

(4.2) i t f I l  < C (~~I
l It + 1lf 2 11

‘1’ ( i 2 )  
— 

~~
1’ ’ ( 1 2 )

(0  and (—1 f rom h y j u c - t t u ’ u .  i n  (2.1)). Then

(4.3) M ~2 —

is a m i n t  f c i r m l  y e l i  i 1 - l  I c sei-ond or ui n u s }u er ~it r ’r  ts’ i t  hr  u .m out I i top or d i ’ n  coeff  i i ’ I em i ts

We o u y  rE ’wr i t ’ . ( 2 .  t u )  as

( 4 . 4 )  max (h’tv Cl.
1
v — f , I ) v }  (I a . e .  i n  it

~

- •

~

--



- -

Sc t

( 4 . 5 )  Z Mv — f

.In i - I t i l l - - u i  ( 4 .  ~i t  C c ’  oflc ’u ,

1 1(-1 .6 )  rmn ax {w 4 i L  v , I v )  0 a . e .  in

or c--~u u i v a 1 e n n t I y

(4.7) C L
1

V + w
4 

= 0 a .e . inn 12 .

i t  f ol  Iowa li- u -n  ( 4 . 5 )  arid ‘ lb i - uu r -n 1.] t hat  w C H 1 
(0) - Let us a; j - l  y the c~~en ~~tn ’ i M to

( 4 . 7 ) ;  t h e  i- c - u ; u l t i n i j  L5~~-l , c . u - u c ’ ; u  uui 5 . k i ’  , . , ‘n u , - , -  in tl,c s~~~ce H

I +
(4.8) *‘H(L v) + Mw = 0

The commutator

( 4 . 9 )  Dv S tI  ( l , 1v)  - L
1 (Mc ’ )

contain ,; t * - r : n : -- u n ; v o l c ’ i nu ;  ,it n - st  t h i r d  ,-r, tc i ; Ie i ’ l ’ .’a t  i - c - - s o f v .  M u -  s t u b , ,  t i I u ; t i ’  ( - 2 .9)

ansI ( 4 . 5 )  i n to  ( 4 . 8 )  t - u  c - t t o  i n

(4 .10 )  t IL
1
f l w + f )  4 Dv)  4 Mw

4 
= 0

I.et us r -wr i t ,c’ ( 4 . 10) -i--

fr ( - 1 . 1 1 )  (a w ) = hi + K .k I x  x , 1 2k u .

wb u , - i u -  ra~~1 
+

it 1 —cb, ~ [ = ~ 13° ( )
1 a

ci

for  g C L~~(;) (p > n ) ,  an.:]

II S 1 D~~(ur 128v)2 ‘

l8 I~2
wh er e  a C I,  ( 1 2 )  . ( N u s t s  t I u , u I  fur csx~u uu: ;-1e a term lik e b (x) (w

4 
C = (bw + ) — b

X
k 

X
k

(h ’1
1 0 1

w) - 
~~~~~~~~~~~ ca n be inc ’lud ,-’ci in  R 2 by (4. ’~)).

Si i i , - ’ -  t. ‘~ (I the c u - t - f f  u - l o O t s  a r e  h ound u - i l  n,e,’-r c u r a i ’i e  and sat isf y a u n i  form

e l I  1 J - t . n  i ty  c -c- m i - l i t  i c -n ;  the i n u t i - n  ior  c s -t i m , t t e s  of DeG i o r g i—Mo s ei - —S ta m pa cchn ia therefore

apply ti ’ (4.11)

* —1 _ i —

-



_ _ _ _  -

S u u i : c  V ( 1 2 )  by ‘i ’ju , - ,’i u ’:; 3 .  1 i t  IoU ; ’,5 - : ,  t i t  V 
,~~~ 

c I . ’ I ~t ) (i ,j u’ . oh
1 1 1 3

where - -  ‘ —  — - - (with ; t t o  ~i~-u a1 r.:.’,l i t  1 .1 1 u u ’ i ; : -  u- ,’ f ; , - : u  n = I in 2) . Ii - u :: , iy  t h u  i , I -.“ 2 nu

apply ‘ F l : u ’c- u , j ’ u  u ,4  ;j~ : ‘ t u u : : ~ .*, - c - lu i a  t i l l t o  jU.ut i: - u n ( - I . ] ] )  I i ’  u - c - i u , - l u d u - t l , . , L

2**w C I.  ( . 2
k 

I ‘n a m u y  cl -rn i n  i:
1 

C C p

The n b y  t - ;u ; o t  i i  i i  (4 . ‘ u ) c - ; u , 1  h u e  is tc-;uuh.u i 1 1. u - :  I I nc -u t os ,

2 2**
y r  W ’ C ., ) 12 C O P

2 2 1

and so v C C
’ 

(~~ ) ( i ,, j  = C m u ) .x x . 2
1 ,)

Cont J O u r ;  ;u c -  t h i s ;  1.5, 1 s I  u i ; -  ; - u  ( c ’ u d u u n  Is “ I ;~ . 1 2 t J  I t i - u - -u : , us- - - u t  u i s ’ ’ I i  1 , 1 ]  1 y .u I a  u .u b —

doma i n; - t ’ C C 11 on u5’ c - i , ) ,  w .s~ t i - ~ i , -,: u ’ u ) i u . u t  i c - r u  ( 4 . 1 1 ) ,  I I ; , .  i l - ; I ; t  h u , u u ; . l u u i d c  of  us’ t u i c - h

can he r X l ’ ’ u u - ; t  i s  ( u j  C , (~ 1,~~~~t ’ ) ,  j ’~~~ 0.  ti S c - u t ‘I ’ h u u - , u u , r:: ( - .7 1 : :  - t , i f l i . . i c ’ ( ’ l uj d  L I I )-
3 x

i j

i i ’ ’: t h u . ,  I is’ u s ; I n - 1 u u 
- 

u - u - r u t  u ; , , .  su n  u - i  t h u  nc -rn - . - - \ (  - u ,  - u i i  0 < 1 i ; u  iso, - Pu -r u , , )  n

I I ”  C ( 1 2’

Now , ; ; ; ’ -  f C W~~
,
~~~l )  t ; u u  p n  m u , [ F  & ) u 2 ) , ~c u : - : - = 1  —

~~~~~ . ‘Pi us u s  ( l u c

doma i n; 1. ’’ , V c - c u ) -,’ 5 a .1 : 0:; to (. 1 . 5)  1 l u  - c - I  I i  I . u - , i u u , : t  i - - u :

Mv f w ,

flit’ r i - ; b ; t  t i c - n u t  u -_ i  _ u c ’  c-f  is’t u u , I :  in  i i - t , 2 ’  S n , u : u i  i r u u i , - : u : ;  s i t  t u  ‘s~ — : , . - : : t  - l  r 1 2 u ( - , , . k ) .

By I t -  - u t c - u ;  2 i r u t  u u ; t u  ; I c- u - - u - ~u . t ,  i’ u~ s u I u r . :  i t  u - u ;  I t u u ~ u u f - u  , v ( l u . ’ )  l u  u u  , t ‘ ‘ ‘ C C S2 ”~

and tI n ’ .u u - ~ s u: - ’  - :12 ii  ‘ u - n ’ , - ,i l , : i -  s - s  - . ‘c ’ u - t u ’ s  t — e s  t i u u : , i t  - -

( 4 . 1 . ’)  NIl 2 0 
< C I- ‘ ‘ ‘ )  ii f H 

I ’C ( i t ’ ‘ ‘ ) W ( 12)

I , i m u :  u f lu ’ : “ I u i t  ic - Si ii of  ( 1  . 1 )  u ,  r , - 1 , i t c u l  t o  v by ( 7 . - I )  , c.’ t u ’ ’ i  u U E ~~~~ (uP

I n c-up: 1 i I ‘,- (4  1)  i ,- 
~ 

-tO u s  U

— 1 - 2 - -

I



5 p 1~~~~~ i~~~ Proof of m.t ’n si m uu a 2 . 1.

li re  f u - l i c - w u n g  proof of i n e q im a l i t y  ( 2 . ’1) is based on Lady~~c’nska ’j a [6 , §3) and

La dy ~~e u u s k c - j a — U r a l  cc”.’a (7 , p. 1823

Le ’nnunucu 5 . 1 .  Let A = ( ( a . f l ,  ~ ( ( L i , , ) ) , and C = ( ( c . , ) )  be t h r ee rea l n c n
13 13  13

syru inetr ic  matr .i c’etr . Supt-ose tha t  A and B a re  nonnega t ive  d e f i n i t e , each w i t h  sma] lc ’st .

ei gc-nvalue greater than cii- equal to v > 0. Th(’n

n
2 r 2

(5.1) a . ,c , h e , > v c .
ij  ik ki j i  — 

i ,j=1 ~~

P r o o f .  Cons ider f i r s t  the case A = di u (a a ) ,  a ,, > j ;  then  the l e f t  brand r i d e
11 nun 11

of ( 3 . 1 )  i eads

2a c . b c . > a , , v c, -
11 1k k l  i i  -— i i  . 13

3 1 -

n
2 r 2

~_ y 
~, 

c , , .

i ,j=I 
1)

In the ge n e r a l  c - i r i s  we note  tha t  thuc l e f t  hand side  of ( 5 . 1 )  is t h e  t race  of the

mn na t r  ix  12 5 ACI3 C - t b  n - - s .  u . a n  o r t i uo cju ’n :u l  m u u t r  I :~ P such t l i i t  Ti ’ S EAE 
1 

is di a-; -,’iua] . ‘ i t ; ,  uu

a b c - tr (U) = t i  (nDl- ;
13 i k  k i  j J

= tr (E A E
1 

~~~~~~~~~~ ‘E D I t  ~ E( ’E
1

)

tr (I t  ‘C ‘B ’ C ’

when - b ’ ’ S E KE 1
, C’ S ECE

1. By the f i r  of usc - s - c -

t r ( A ’ C’ B ’ C ’ )  > ~ (us ! , ) 2 
= ~ c~~. .

i ,j=] ~ i ,j’ I

* 
Proof of L,-:’s tn,i 2 .1.  We m a y  aut sucic - , with ; no 10 : 5 :  u - f  5 1 - m u i r ..I it ) ’ , tt u ,u t ii C C

3 
(hI , u 0

on r . We i n u v u - o t  i g a t e  f i r u u t  the cant ’  that  L1 ami d i! h .iv , ’  no ic-sc ’s : I t , r u h  i t . 1 I; , tti,i t ~~~

(5 . 2) L
1u a 1 , u + b’u ( 1 = 1. 2)

kj  X
k
X . k X

k

Let r ’ C f be Irome given port ion of t i r e  bnunucia i  y , wh i r - h i — u p o n  a ch . inu q ir  , ‘f ’ u - c c - n u l l  u u u t  c’ i f

necessary-we may aI ;sumnn e to lie in , the plane x 0 (with p C {x 0 ) )  . Chnu ’se  a

- -

- - ~~~~~~~~~~~~ 



u ;n u u - ’c ’t l i  c u t, . u I  I i c - m u ,  t i er ;  ~, 0 ‘ < 1, ouu -h  t hat  ~~( x)  0 [ i i i  x f l u - s i r  r \ i ’ ’ . T mie ru

I fL
1u - I ~

’u clx = J ~~~ a a
2 u dx

12 1.3 X X . si

( 5 . 3 )

1 2 2 1 I 2
+ J i ’ C u  . u I, u + a u h . u ~ b , u hi u )dx

U x x . k X
k 

hi  x
k
x
l 

i x .  1 x . k

Mi’ t r a r u ’ ; t12 ’rc - ru  t he  f i r s t  ter ms on; I l i c ’ r i g t i t  l -y  i i t c - , 1i  i t  i s - - ;  by ~ - , u n  t s twi ce:

f ( ; u  ~
2 

u dx = ,[ t,c-~ , u a 2 in dx
x , k l x x  n j x x  kl x . X1’) j k 1 it 1 k ) 1

+ J ( ; , .u~ , a ) u u — ( t .a~ a 2 ) u u dx
j hi X X i X

k 
X
1 

13 hI  X
k 

x i X i X
1

1 2
-4 J ~.a , a (u u U — u U n , )d s

ij  Cl  x x . x 1 k X i X
k 

xl 3

mu ( I i  n ) i s  f l : ’  outwa rd u n i t  r u c , r u ’ c - , l . Call CCu - - inteqr and of the last term I.
1 ii

Th u - r u  I h i ts  ; - n  us :uc -t  u i  c - c - i  -~ c-i  ;i I ion i ;;d ( 5 .  ‘1) i nusj uiy

( 5 . 4 )  j ~a ’ , u , r 2 
ii dx  f ~1}u ’m , 2 u cIX - f c 

~ ~ 
u~ dx ~ ~ f I vu I 2

clx - f I ds
13 X X  C I  X X  — - , x _ x . C

12 1 K j 1 i ,j 1 12 1 j  1? I’

By I c-i-c-i s 5. 1 , c,’i t b: It = ( h u~ , )  I , B = I Pu ” C )  , amid C ( (u C ) ,  we haveki  x x .

( 5 . 5 )  v 2 
~ 

f r,u ” dx 
~ J ~~~~~~ a 2 u dx

- x x , — 13 x . x  hi x , x; , j ’ l O  i j  11 i k  j l

h-’u r t t  , , s u i - : , - , s m r : , -  u C) or ; 1’, w, ’ t u . u v i  -

1 2  3 2
1 (x ) =- (~ [ . u  a u U — a . a ii u 3

~ I ic-u X X , X u n  ho x . x x- 1 ]  n i k  fl

l : - m  y, I ’ ’ . W I u c - n u  I c i , j  ‘ — 1 , u 0. In addition, fo r  i = j = k n the
— x . x ,

3 3
I s - :  t - i  ; c - v ; -  ( v u  u ; ic - sly  i l u ’ c - :  ~1 di  f t  u i  , r u t  ia t  l o u i s - u c cuui u .-e I  ; this; also luapj-cmis for j  K n , i

ar t u n I u . u . ‘I’huu ;

1 ( x )  = I c -
i 

c- 2 
— a

1 a
2 

I ~~~~ (u
2

- 
- m u r u n  nn ~n 2 d x .  xj ’-l 3 U

X C r ‘ . ts i i i ’ - - = 0 on I ’ \ ‘  ‘ s- , nu nruuy  t b u ’n e t  o n -  c- a ]  c - u ]  at  r-

-16-

- =  - - - - , . ,  ~~~~~~~~~ —



- - -~~~~~~~~~~~- 
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~~~~~~~~~~~~~
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~~~~
-
~~

j J  I (x)uts ; = I f  I (x)cIx ’ I x ’ = Ix ,. . . ,x
1
)

r

(5.6) 
~ ~~

• 
~~ 

j~~1 
(~~La

1
.a
2 

- a’ a~~~~) dx ’!

c f u
2 tx ’ ‘ c f  (~

-‘~ )

7
ds . 

-

In V i i ’W ‘ ‘1 ( 5 . 4 )  ( 5 . 6 )  am; c i t h u  l u - i - ’,’ i ; u ’- u j u : u l  i t y

~ (fl2 
~ j ,~~=j 

~ 
u~~~~~~x + CCc ) I I V U I

2
~~X

we ti c-’,- ,’

(5.7) ~~ 
~ 

f 4ur 2 d~ J ~I.
1

ii ‘L
2
u dx C 

- ~ 
f u~ ~ 

dx C ( e ) J Vu 
2

dx
i , j - 1  2 1 j j~ 1 , 3 1  12 i 3 Ii

b u s t  wo du - . on u ; t ’u . e  I’ u u u t . - t Ic-’ t o u r - r u  of f i n i t e l y  m s u . u r u y  } - u c - u ’ r ’ut 1’! (i = 1 K ), ea -h

of us’I u j i _ h u c - u  1- ’- ;-- .u ~ ; , .l .‘u - ; , u t .  - s - I . y  a u rn - - u t  C c ’ h i c - u i u ; u - cf  ; ‘i~ on ‘t u n ~a tu - - s  i n t o  t h e  la n e  x~ = 0.

I . t ’t  5, ( i 1 , . . .  , k )  1 ’, a -u ., I f ;  C ; n %  i t n o n  of s u n l i t ) ’  on c- ,  w i t h  ç ,  0 m u c a r  i ’ \r !
1

M u -  c-u;s u t h u ,  f m n i u t , ’  i u , u u ’ f , ,  n c - f  u u s ’  l u l l  i t  j , - :  ( 5~~7)  x i s - u i ]  t i n ,q  f i  u u ; : u  t b; , - :: , u I u u i r c - u - s ;  of ;, , and
11 H H. l i t  > C) ~- u f f i - i . - ; ; t I y  r n m i a l j  I - c -  d i  n i v e  t h u . ’  est i n m u a t .

(5 ,t - b 

~~, ~ 

in
2 

dx C J L
1

u u ’ t , 2u dx + C J Vu 1 2 1x

M i n i - l i l y ,  u s ’  ,~~ , s  u~i :u , - I i u -  u ’ ) u  i , i t u i ’ . C
1 

bu r y ,  t l u -  f or r , i  ( 1 . 2 ) ,  ,und - i t  M u  S I ,u +

Then

J t-
1
u ~L

2
u dx J M

1
u ‘M ’ u dx — Ii J (t i  ‘M

1
nm 4 u ~M

7
u u ) l x + ~

2 I u 2dx
C) i t 1) 1?

> c 
~ I mm~ dx - C f I Vin I 2dx - m u f (u~ M 1

u +  u~ 1t
2

u ) d x  4 p 2 I u 2cix
~~~~l s i  i j 0 0

by ( “ . 8)  (wi th B 1 
rep l.u u - i n i g 1,~~) . Now

— 8  f u’8
1

u ‘ ii f a 1 
in u dx 4 p f uu (a 1 

) — b 1
tmu cix

0 0 k] X
k 

X 1 0 
x
1 

k i  x K x
k

Li \) J I V u I
2dx — PC f I u H v u i d x  ;

It I]

— 1 7 —

_ _ _  

1%- 
. 

~~~~~~~ - 
~~~~~~~~~~~~~~~~



----~~~~- - -

there fore

f L
1

u~~J .
2

tn dx C 
i ,j c - 3 

u 2 dx -‘ (
2 

- ~~ 
u . ~~ 

~ I V u V u i x

We complete t h y ’  pu c - o l  b y - ‘l ;o c-o i n sh  Ii ‘ 0 u ; u f f i c - u c - - , i 1 ~~’ 1- - c- u 5 ’ . U
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